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Overview

• Matching (free-streaming) pre-equilibrium dynamics to viscous hydro and studying
sensitivity of observables to matching (“thermalization”) time (Liu Jia).

• HBT correlation afterburner. HBT interferometry for fluctuating sources (Christo-
pher Plumberg).

• Viscous anisotropic hydrodynamics (Dennis Bazow)
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Pre-equilibrium dynamics (I)

Match pre-equilibrium Tµν to viscous hydrodynamic form, at varying matching times
τmatch.

Extreme case: pre-equilibrium = free-streaming
=⇒ large τmatch ↔ slow thermalization; short τmatch ↔ fast thermalization.

Study dependence of final observables on τmatch and compare with pure hydro calculation
that assumes no evolution at all between τ = 0 and τtherm = 0.7 fm/c.

The following study by Jia Liu uses MC-KLN initial conditions for the gluon phase-space
distribution. Viscous hydro evolution with η/s = 0.2.
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Pre-equilibrium dynamics (II)

Time evolution of radial flow for different switching times:
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Pre-equilibrium dynamics (II)

Final radial flow and average pT as function of switching time:
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Pre-equilibrium dynamics (III)

pT -spectra for thermal pions (left) and thermal protons (right) (Jia Liu, 2013):
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Late switching times > 2 fm/c likely incompatible with experimental data.
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The corona problem:

For late switching times, the contribution from corona particles that never thermalize
can no longer be neglected:

Problem: How to convert soft partons from the outer part of the hypersurface to
hadrons?!

Way out: Use energy flow instead of particle flow to define anisotropic flow coefficients.
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Pre-equilibrium dynamics (IV)

Energy anisotropic flow coefficients ω2 as proxy for pion anisotropic flows v2:
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Similar correlation holds for ω2 and proton v2, and for triangular energy and particle
flows.
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Pre-equilibrium dynamics (V)

Final elliptic and triangular energy flow as function of switching time:
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Less constraining than radial flow and pT spectra.
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Hanbury
Brown-Twiss

(HBT)
interferometry

with
event-by-event

fluctuations

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz
(arXiv:1306.1485)

Toy model for the source

S(x ,K ) =
S0(K )

τ
exp

[
− (τ − τf )2

2∆τ 2
− (η − η0)2

2∆η2

− r 2

2R2

(
1 + 2ε̄3 cos(3(φ− ψ̄3))

)
− M⊥

T0
cosh(η − Y ) cosh ηt +

K⊥
T0

cos(φ− ΦK ) sinh ηt

]
where

ηt =
ηf r

R

(
1 + 2v̄3 cos(3(φ− ψ̄3))

)
ε̄3: triangular azimuthal deformation

v̄3: triangular flow deformation

ηf : collective radial flow rapidity

ψ̄3: triangular flow velocity angle, points in direction of largest flow
rapidity and steepest descent of spatial density profile (note:
Ψn 6= ψ̄n in general)
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Hanbury
Brown-Twiss

(HBT)
interferometry
relative to the
triangular flow

plane in
heavy-ion
collisions

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz

Phys. Rev. C
88, 044914

(2013)

HBT oscillation amplitudes: two examples
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Hanbury
Brown-Twiss

(HBT)
interferometry

with
event-by-event

fluctuations

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz
(arXiv:1306.1485)

Hydrodynamic approach

K⊥-dependence of R2
ij ,3 from hydrodynamics
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Hanbury
Brown-Twiss

(HBT)
interferometry

with
event-by-event

fluctuations

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz
(arXiv:1306.1485)

Hydrodynamic approach

M⊥-dependence of R2
s,3/R2

s,0 from hydrodynamics1
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1arXiv:1401.7680, arXiv:1401.4894
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Hanbury
Brown-Twiss

(HBT)
interferometry

with
event-by-event

fluctuations

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz
(arXiv:1306.1485)

Hydrodynamic approach

M⊥-dependence of R2
o,3/R2

o,0 from hydrodynamics2
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Hanbury
Brown-Twiss

(HBT)
interferometry

with
event-by-event

fluctuations

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz
(arXiv:1306.1485)

Hydrodynamic approach

M⊥-dependence of R2
os,3/R2

s,0 from hydrodynamics3
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Hanbury
Brown-Twiss

(HBT)
interferometry

with
event-by-event

fluctuations

Christopher J.
Plumberg

In
collaboration
with Chun
Shen and

Ulrich Heinz
(arXiv:1306.1485)

Part 2: Conclusions

VISH2+1 qualitatively reproduces general trends of
PHENIX data

Qualitative features of K⊥-dependence of hydrodynamic
R2
ij ,3 similar to toy model for small K⊥, more discrepancies

at K⊥ & 0.3 GeV

Subtleties involving ensemble-averaging and the
construction of the correlation function have not been
addressed here
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Anisotropic hydrodynamics (aHydro) (I)
Martinez and Strickland 2009

A non-perturbative method to account for large shear viscous effects stemming from large difference

between longitudinal and transverse expansion rates.

f(x, p) = fiso

(

√

pµΞµν(x)pν − µ̃(x)

Λ(x)

)

≡ fRS(x, p)

where Ξµν(x) = uµ(x)uν(x) + ξ(x)zµ(x)zνx. (Romatschke&Strickland 2003)

3 flow and 3 “thermodynamic” parameters: uµ(x); Λ(x), µ̃(x), ξ(x).

aHydro decomposition:

jµRS = nRSu
µ, Tµν

RS = eRSu
µuν

− PT∆
µν + (PL − PT )z

µzν,

where, for massless partons (m = 0), the effects of local momentum anisotropy can be factored out:

nRS = 〈E〉RS = R0(ξ)niso(Λ, µ̃),

eRS = 〈E2〉RS = R(ξ)eiso(Λ, µ̃),

PT,L = 〈p2

T,L〉RS = RT,L(ξ)Piso(Λ, µ̃).

(See Strickland’s talk for R-functions.) The isotropic pressure is obtained from a locally isotropic EOS,

Piso(Λ, µ̃) = Piso(eiso(Λ, µ̃), niso(Λ, µ̃))

For massless noninteracting partons, Piso(Λ, µ̃) = 1
3
eiso(Λ, µ̃) independent of chemical composition.
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Viscous anisotropic hydrodynamics (vaHydro) (I)

f(x, p) = fRS(x, p) + δf̃(x, p) = fiso

(

√

pµΞµν(x)pν − µ̃(x)

Λ(x)

)

+ δf̃(x, p)

Landau matching: Tµ
νu

ν = euµ with uµuµ = 1 =⇒ fixes uµ

no contribution to e, n from δf̃ : 〈E〉δ̃ = 〈E〉δ̃ = 0 =⇒ fixes Λ, µ̃.

no contribution to PT−PL from δf̃ :
xµxν+yµyν−2zµzν

2
〈p〈µpν〉〉δ̃ = 0 =⇒ fixes ξ.

vaHydro decomposition:

jµ = jµRS + Ṽ µ, Ṽ µ =
〈

p〈µ〉
〉

δ̃
,

Tµν = Tµν
RS − Π̃∆µν + π̃µν, Π̃ = −

1

3

〈

p〈α〉p〈α〉

〉

δ̃
, π̃µν =

〈

p〈µpν〉
〉

δ̃
,

uµπ̃
µν = π̃µνuν = (xµxν+yµyν−2zµzν)π̃

µν = π̃µ
µ = 0 =⇒ π̃µν has 4 degrees of freedom.

Strategy: solve hydrodynamic equations for aHydro (which treat PT − PL nonper-
turbatively) with added viscous flows from δf̃ , together with IS-like “perturbative”
equations of motion for Π̃, Ṽ µ, π̃µν.

Approach to Equilibrium Workshop, 4/2/2014 11(18)



Viscous anisotropic hydrodynamics (vaHydro) (II)

Hydrodynamic equations of motion:

∂µj
µ = C ≡

∫

p
C(x, p) =⇒ ṅRS = −nRSθ − ∂µṼ

µ +
nRS−niso

τrel
in RTA

∂µT
µν = 0 =⇒

ė = −(e+PT )θ⊥ − (e+PL)
u0
τ − Π̃θ + π̃µνσµν,

(e+PT+Π̃)u̇⊥ = −∂⊥(PT+Π̃) − u⊥(ṖT+
˙̃
Π) − u⊥(PT−PL)

u0
τ +

(

ux∆
1
ν+uy∆

2
ν

u⊥

)

∂µπ̃
µν,

(e+PT+Π̃)u⊥φ̇u = −D⊥(PT+Π̃) − uy∂µπ̃
µ1−ux∂µπ̃

µ2

u⊥
,

where θ⊥ = ∂τu0 + ∇⊥·u⊥ and D⊥ = (ux∂y − uy∂x)/u⊥.

To derive equations of motion for Π̃, Ṽ µ, and π̃µν, we follow DMNR (2012).
Ignoring heat conduction by setting µ̃ = 0 and taking m = 0 we find (Bazow, UH,

Strickland, 1311.6720)

˙̃π
µν

= −2u̇απ̃
α(µ

u
ν) −

1

τrel

[

(P−PT)∆
µν

+ (PL−PT )z
µ
z
ν
+ π̃

µν
]

+ Kµν
0 + Lµν

0 + Hµνλ
0 żλ

+Qµνλα
0 ∇λuα + X µνλ

0 uα∇λzα − 2λ0

πππ̃
λ〈µσ

ν〉
λ + 2π̃λ〈µω

ν〉
λ − 2δ0πππ̃

µνθ,
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Test of vaHydro: (0+1)-dimensional expansion (I)
As you heard in Mike Strickland’s talk, for (0+1)-d (longitudinally boost-invariant) expansion, the BE

can be solved exactly in RTA, and the solution can be used to test the various macroscopic hydrodynamic

approximation schemes.

Setting homogeneous initial conditions in r and ηs and zero transverse flow, π̃µν reduces to a single

non-vanishing component π̃: π̃µν = diag(0,−π̃/2,−π̃/2, π̃) at z = 0.

We use the factorization nRS(ξΛ) = R0(ξ)niso(Λ) etc. to get EOMs for ξ̇, Λ̇, ˙̃π:

ξ̇

1+ξ
− 6

Λ̇

Λ
=

2

τ
+

2

τrel

(

1 −
√

1+ξR3/4
(ξ)

)

,

R′
(ξ)ξ̇ + 4R(ξ)

Λ̇

Λ
= −

(

R(ξ) +
1

3
RL(ξ)

)

1

τ
+

π̃

eiso(Λ)τ
,

˙̃π = −
1

τrel

[

(

R(ξ)−RL(ξ)
)

Piso(Λ) + π̃

]

−
38

21

π̃

τ

+12

[

Λ̇

Λ

(

RL(ξ)−
1

3
R(ξ)

)

+

(

1+ξ

τ
−

ξ̇

2

)(

Rzzzz
−1 (ξ)−

1

3
Rzz

1 (ξ)

)]

Piso(Λ),

τdel and η/s are related by (Denicol, Koide, Rischke, PRL 105 (2010))

τrel = 5
η/s

T
= 5

η/s

R1/4(ξ)Λ
We solve these equations and compare with the exact solution:
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Test of vaHydro: (0+1)-dimensional expansion (II)

Pressure anisotropy PL/PT vs. τ :
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Test of vaHydro: (0+1)-dimensional expansion (III)

Total entropy (particle) production
n(τf)·τf
n(τ0)·τ0
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Advantages of vaHydro

• For early times and/or near the transverse edge in heavy-ion collision fireballs, rapid

longitudinal expansion generates large inverse Reynolds numbers for the shear pressure,

R−1
π =

√
πµνπµν/Piso, causing Israel-Stewart second order viscous hydrodynamics to break

down.

• The large local pressure anisotropies caused by a large difference in longitudinal and transverse

expansion rates can be treated efficiently by using the non-perturbative aHydro approach

which is based on an expanseion around a locally spheroidally deformed distribution fRS.

• This strongly reduces the shear inverse Reynolds numbers R̃−1
π =

√

π̃µνπ̃µν/Piso associated

with the remaining shear stress tensor π̃µν resulting from the much smaller deviation δf̃ of the

local distribution function from fRS.

• vaHydro combines the advantages of aHydro with a complete (although perturbative)

second-order treatment of all remaining viscous effects à la Israel-Stewart.

• In a test of (0+1)-d expansion, which maximizes the difference between longitudinal and

transverse expansion rates, against an exact solution of the Boltzmann equation, vaHydro

outperforms all other known hydrodynamic approximation schemes by a considerable margin.

• This should open the door in (3+1)-d systems to match microscopic pre-equilibrium theories to

viscous hydrodynamics at earlier times than possible with IS-theory and its variants.

• By replacing f = feq+ δf by f = fRS+ δf̃ we should be able to reduce uncertainties related

to δf corrections to the momentum distributions at freeze-out (or, for photons, everywhere)
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To do list:
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The	
  to-­‐do	
  list	
  for	
  the	
  next	
  year	
  –	
  Pt	
  I	
  

•  Complete	
  event-­‐by-­‐event	
  all-­‐stage	
  dynamical	
  simulaVons	
  with	
  
fluctuaVng	
  iniVal	
  condiVons	
  

•  CompleVon	
  of	
  the	
  jet	
  quenching	
  module	
  (jet	
  shower	
  MC)	
  and	
  
couple	
  it	
  with	
  iEBE	
  (mostly	
  work	
  needed	
  by	
  the	
  jet	
  WG)	
  

•  CompleVon	
  and	
  publicaVon	
  of	
  the	
  iEBE	
  documentaVon	
  and	
  the	
  
code	
  package	
  (mostly	
  done	
  already)	
  

•  2+1d	
  and	
  3+1d	
  NLO	
  aHydro	
  with	
  fluctuaVng	
  ICs	
  (aka	
  vaHydro)	
  
•  Lots	
  of	
  uncertainVes	
  associated	
  with	
  freeze-­‐out.	
  	
  This	
  is	
  important	
  

for	
  how	
  we	
  fix	
  the	
  physical	
  parameters	
  that	
  are	
  used	
  at	
  all	
  Vmes	
  
during	
  the	
  bulk	
  evoluVon.	
  	
  Needs	
  some	
  criVcal	
  anenVon.	
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o  A{er	
  some	
  discussions	
  with	
  the	
  bulk	
  WG	
  members,	
  I	
  have	
  come	
  up	
  
with	
  a	
  to-­‐do	
  list	
  for	
  the	
  next	
  year.	
  	
  	
  

o  I	
  have	
  also	
  taken	
  the	
  liberty	
  to	
  add	
  some	
  things	
  that	
  I	
  find	
  parVcularly	
  
interesVng.	
  

o  The	
  list	
  I	
  present	
  is	
  by	
  no	
  means	
  a	
  prioriVzed	
  list.	
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The	
  to-­‐do	
  list	
  for	
  the	
  next	
  year	
  –	
  Pt	
  II	
  
•  Anisotropic	
  freezeout;	
  instead	
  of	
  using	
  linearly-­‐corrected	
  

distribuVon	
  funcVons,	
  use	
  anisotropically	
  deformed	
  distribuVon	
  
funcVons	
  

•  SystemaVc	
  studies	
  of	
  pre-­‐equilibrium	
  dynamics	
  on	
  final	
  observables	
  
•  ImplementaVon	
  and	
  tesVng	
  of	
  the	
  self-­‐consistent	
  iniVal	
  condiVons	
  

(flow	
  &	
  rapidity	
  dependence)	
  from	
  the	
  CGC	
  
•  More	
  studies	
  of	
  the	
  impact	
  of	
  viscous	
  (anisotropic)	
  correcVons	
  to	
  

electromagneVc	
  signatures	
  à	
  necessary	
  for	
  experimental	
  
determinaVon	
  of	
  the	
  degree	
  of	
  isotropizaVon	
  of	
  the	
  QGP	
  

•  Work	
  needed	
  on	
  eliminaVon	
  of	
  instabiliVes	
  in	
  the	
  relaVvisVc	
  LaRce	
  
Boltzmann	
  solvers;	
  work	
  in	
  progress	
  at	
  Colorado	
  to	
  implement	
  “f0	
  
stabilizaVon”	
  

•  Squeeze	
  B.	
  Schenke	
  hard	
  to	
  provide	
  2+1d	
  and	
  3+1d	
  MUSCL-­‐based	
  
hydro	
  as	
  an	
  alternaVve	
  to	
  the	
  current	
  VISHNU	
  hydro	
  module.	
  	
  
Important	
  to	
  test	
  dependence	
  of	
  results	
  on	
  the	
  underlying	
  hydro	
  
module.	
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•  Good news: free-streamed distribution is known	



!

•  Apply to freeze-out surface:	



!

•  Apply to outer surface: 	



4. Influence of pre-equilibrium stage (3)

•Construct anisotropy from ET distribution
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•Correlation with flow anisotropy v2

4. Influence of pre-equilibrium stage (4)

Pion + Proton

• Early matching time: not so much cells move out	


• Strong correlation!

Preliminary Preliminary
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•Correlation with flow anisotropy v3

4. Influence of pre-equilibrium stage (4)

Pion + Proton

• Correlation is still good.

Preliminary Preliminary
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